On maximal proper subgroups of field automor- 
phism groups 



M.Rovinsky 

Abstract. Let G be the automorphism group of an extension F\k of alge- 
braically closed fields of characteristic zero of transcendence degree n, 1 < 
n < oo. In this paper we 

• construct some maximal closed non-open subgroups G v , and some (all, 
in the case of countable transcendence degree) maximal open proper 
subgroups of G; 

• describe, in the case of countable transcendence degree, the automor- 
phism subgroups over the intermediate subfields (a question of Krull, 
[K2l §4, question 3b)]); 

• construct, in the case n = oo, a fully faithful subfunctor (— )„ of the 
forgetful functor from the category Smc of smooth representations of 
G to the category of smooth representations of G v ; 

• construct, using the functors ( — ) v , a subfunctor F of the identity functor 
on Sma, coincident (via the forgetful functor) with the functor T on 
the category of admissible semilinear representations of G constructed 
in |R3| in the case n = oo and k — Q. 

The study of open subgroups is motivated by the study of (the stabilizers 
of the) smooth representations undertaken in |R1I IR3] . The functor T is an 
analogue of the global sections functor on the category of sheaves on a smooth 
proper algebraic variety. Another result is that 'interesting' semilinear repre- 
sentations are 'globally generated'. 

Mathematics Subject Classification (2000). Primary 12F20, 14E99; Secondary 
18F10. 

Keywords. Automorphism groups of algebraically closed field extensions. 

Consider a field extension F\k and a group H of its automorphisms. 
Given a presheaf (i.e. a contravariant functor) J 7 on a category of smooth 
fc-varieties (whose morphisms include all smooth ones) one can associate to it the 
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'generic fibre' !F{F) := lim !F(U), where U runs over the smooth irreducible 

u — * 

fc-varieties with function fields embedded into F. It is endowed with a natural 
inaction, and should be considered as one of typical objects studied in birational 
geometry. 

In most general terms, we are going to study relations between presheaves T 
and their 'generic fibres' TiF). 

Following [Jac, nni-LUl IShl [I] (and generalizing the case |K1] of algebraic 
extension) , consider H as a topological group with the base of open subgroups given 
by the stabilizers of finite subsets of F. Then H becomes a totally disconnected 
Hausdorff group. 

Any element of the 'generic fibre' T{F) is the image of an element of T(U) 
for some U, and therefore, is fixed by the subgroup of H leaving the function field 
of U fixed. This means that the if-set !F{F) is smooth, i.e. its stabilizers are open. 

Evidently, one cannot get much of a representation of a 'small' group, so we 
fix the following setting. 

Let F\k be an extension of countable or finite transcendence degree n, 1 < 
n < oo, of algebraically closed fields of characteristic zero, and G = Gp^ be its 
automorphism group. 

Then for any intermediate subfield k C K C F the topology on Gp ijj coin- 
cides with the restriction of the topology on G. G is locally compact if and only if 
n < oo. 

In jj2]we describe the open subgroups of G in terms of certain 'primitive' open 
subgroups of G^ifc for algebraically closed extensions L\k of finite transcendence 
degree. 

In $3] we study discrete valuations of F trivial on k and the corresponding de- 
composition groups. This is applied in $4]to the 'globalization', i.e. to constructing 
some presheaves on some categories of smooth fc-varieties, of smooth G-modules. 
Because of the links with some types of motives, the emphasis is made on the sub- 
category Ig of smooth G-modules (see §2.ip and related categories of semilinear 
representations. 

In i )4.1l to a discrete valuation v of F trivial on A: a fully faithful functor (— )« 
is associated. It is not clear yet, whether (— ) v is exact. Its exactness is related to 
the following geometric question, cf. Lemma l4~4l Do there exist 

• an integer N > 1, 

• an irreducible variety X over k, 

• a collection of N surjective maps fj : X — ► Yj, 1 < j < N, with dimYj < 
dimX 

such that the induced homomorphism of the 0-cycles Zq(X) — ► ©i=i ^o(Yj) is 
injective? 
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1. Structure of G 

The classical morphism /3 : {subfields F over k} <^-> {closed subgroups of G}, given 
by K i— > G^iif , is injective, inverts the inclusions, transforms the compositum of 
subfields to the intersection of subgroups, and respects the units: k i— ► G, The im- 
age of j3 is stable under the passages to sup-/sub- groups with compact quotients; 
j3 identifies the subfields over which F is algebraic with the compact subgroups of 

g (paainnnniBEini). 

In particular, the proper subgroups in the image of (3 are the compact sub- 
groups in the case n = 1. 

The map H i— > F H , left inverse of /3, inverts the order, but it is not a monoid 
morphism. 

Let All be the set of algebraically closed subfields of F of finite transcendence 
degree over k. There is a morphism of partially ordered commutative associative 
unitary monoids (transforming the intersection of subgroups to the algebraic clo- 
sure of the compositum of subfields) a : {open subgroups of G} — » ^411, uniquely 
determined by the condition Gp\a(u) ^= U and the transcendence degree of a(U) 
over k is minimal. Details are in Proposition 12.61 

Theorem 1.1 ([Rl]). 1. The subgroup G° of G, generated by the compact sub- 
groups, is open and topologically simple, ifn < oo. Ifn = oo then G° is dense 
in G. 

2. Any closed normal proper subgroup of G is trivial, if n — oo. 

If n < oo, the left G-action on the one-dimensional oriented Q- vector space 
of right-invariant measures on G gives rise to a surjective homomorphism, the 
modulus, x '■ G — ► Q*, which is trivial on G°. However, I know nothing about 
the discrete group kerx/G°. If it is trivial for n = 1 then it is trivial for arbitrary 
n<oo.Ifn=la presentation of G/G° as a quotient of a quite structured discrete 
group is given in Lemma T3. 101 

Then one can characterize the image of j3 in the case n = oo in the following 
4 steps. 

1. The normalizers G{F,L}|fc of Gp\L m G for all L 6 ^411 \ {k} are the maximal 
open proper subgroups of G. (This follows from Proposition 12.61 ) 

2. The subgroups Gp\L of G for all L e AW \ {k} are minimal closed non- 
trivial normal subgroups in G{p,L}\k from {TJ. (This follows from Theorem 
11.11 (121). Namely, let H C G{p,L}\k be a closed non-trivial normal subgroup 
and 1 / (7 G H . Let us show that H intersects Gp\L non-trivially. One has 
(tt(T _1 t _1 6 H n Gp\L for any r S Gp^. By [Rl , Corollary 2.3] there exists 
t S Gp\L sucn that ara^ 1 ^ 1 ^ 1, which means H n Gp\L ^ {1}. Now 
Theorem ll.il ifS]) implies that H contains Gp\L-) 

3. The subgroups Gp\L of G for all non-trivial extensions L C F of k of finite 
type are the open subgroups containing normal co-compact subgroups of type 
G f <y from |(2]). (This follows from the above Galois theory for L\k.) 
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4. The proper subgroups in the image of are intersections of subgroups from 
©• 

Remark. The subgroups Gp\L of G for all extensions L C F of fc of finite 
type and transcendence degree one are the subgroups Gf|l from ((3J) with the only 
maximal proper subgroup of G containing them. 

The above procedure can be modified as follows. 

1. The subgroups G^ F j^^ k of G for all x E F \ k are the open subgroups U 
of G such that #{U\G/U) = 2. 

2. The subgroups G F ^^ of G for all x G F \ A: are minimal closed non-trivial 
normal subgroups in Gr F -j^r-,, k from (Q]). 

3. The subgroups Gp\k(x) of G for all x S F \ fc are the open subgroups con- 
taining normal co-compact subgroups of type G F ^pj from ([2]) and such that 
N G U/U = PGL 2 fc. 

4. The proper subgroups in the image of (3 are intersections of subgroups from 
©• 

This is based on the following two observations, (i) The condition #{U\G/U) = 
2 means that G = U U UaU for some (and therefore, any) a e G \ [/, and 
thus, U is maximal among proper subgroups of G. (ii) For any F', F" € All \ 
{fc} the set G{pp»}|( ; \G/Gjf i p"}n is a disjoint union of the sets Sj, < j < 
min(tr.deg(F'|fc), tr.deg(F"|fc)), where 

= G {F , F , } | fc \{F C F | F = F" over fc, tr.deg(FF'|F') = tr.deg(F"|fc) - j}. 

2. Maximal open subgroups 

In this section we assume that tr.deg(F|fc) = n < oo. 

Lemma 2.1. If Li,L<2 are proper subfields of F and 1 < tr.deg(Li|Li n L2) < 00 
then the group H , generated by G F ^ and G F ^, contains G F ^, where L is a 
subfieldofF, not containing L±, and such that L\C\L contains L\C\ L2 as a proper 
subfield. 

Proof. Set k := L\C\L2. Clearly, H contains Gp^fj^ for any a S G F As cr(i-i) 
is algebraically closed and L\ (1 cr(Li) D k, it remains to choose a £ G F ^ such 
that cr _1 (Li) g\ L\ and L\ D o{L\) ^ fc, and to set L := o{L\). 

Let x £ L\\k and y G Li \ fc(ir). We need tr € G F |^- such that era; G Li 
and cr _1 y 2" Li. If y is not in L2(x) then such cr € G F |-^, clearly, exists. (The 

G F|L^)-° rbit of 2/ s P ans F -) 

Suppose now that the element y is forced to be algebraic over L2(x), i.e., 
tr.deg(LiL2|L<2) = 1- Then x and y are related by a polynomial P(x,y) = 
with coefficients in L2. Let us enumerate the non-zero coefficients of P by a set 
{0, ...,7V}. We shall assume that the polynomial P(X,Y) = Y^^PsX^Y^ is 
irreducible over L 2 , and po — 1. Suppose that er -1 (Li) C L\ (which is equivalent 
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to cr(Lx) — L\, since tr.deg(Li |fc) < oo) for any a G G F ^ such that ax G L\, 
Then -(dP)(ax, ay) = P I {ax,ay)d(ax)+P II (ax,ay)d{ay) G FO^fi* ^ C fiL. |fc) 
which can be rewritten as X^fLi ax% " oy^ s dp a G Ff&L^^^. It remains to show that 
the whole space F N is the linear envelope of the vectors (ax^ay^ 1 , . . . ,ax lN ay^ N ) 
for a G G F y^ and ax G L\ (since then dp s € F ®l x f^i/. f° r a ^ s ; which means 
that p s G L\, i.e., p s £ L\0 L 2 =: k). 

Otherwise, if such vectors belong to a hyperplane: 2 s =i A s crx ls cry-' 3 = for 
all a G G F ij^ as above, then we may assume that Ai = 1 and the number M of 

non-zero A s is minimal: Yl^Li ^ s ^x ls ay^ B = 0. Subtracting from this equality the 
image of the equality J2 s =i ^s xls y Js — under the action of a, we get that A s G 
F g f ^g {f - i} \ K As F G Fl ^nG {FTT}lk g f] zeT: ^ k L^(z) C nr = i^(i') = L^, we 
got thus another polynomial relation between x and y over L2, contradicting the 
minimality of the polynomial P. □ 

Corollary 2.2. If tr.dcg(£i \L± H L%) < 00, L\,L2 are proper algebraically closed 
subfields in F and L\ is not contained in L2 then H D Gp\L for some algebraically 
closed subfield L such that tr.deg(Li|Li PI L) = 1. 

Proof. The set of algebraically closed subfields of L, not containing L\ and such 
that H 2 Gp\L, is non-empty, since contains L^- Let tr.deg(Li|Li[HL) be minimal. 
According to Lemma |2~T1 tr.deg(ii \L\ D L) = 1. □ 

Lemma 2.3. If L\,Li are algebraically closed subfields in F and tr.deg(Li|Li n 
L2) = 1 then the subgroup H generated by Gp\r. 1 and Gp^ 2 is dense in Gp\L in r, 2 . 

Proof. This is a version of Lemma 2.16 from |R1| . We may assume that L2 is a 
proper subfield of F not contained in L%. Thus, L\ is an algebraic closure of k(x) 
for some x G F\La, where k := LiHi^. Then for any z G F\L-2, y G F\Li there 
exist a G G\f|l 2 ' t ^ @f\Li such that ax = z, tx — y. Then for any y G F \ fc 
there exists cr G G\f|£ 1 G.f|£ 2 such that ax = y. It follows that H is a normal 
subgroup of G. If n = 00 then the topological group G is simple (Theorem 2.9, 
[Rl]), i.e., is dense in G. If n < 00 then, according to the same Theorem 2.9, 
|R1| . the topological group G° is also simple, and thus, the closure of H contains 
G°. It is known (Lemma 2.15, |Rlj ) that G — Gp\r. 1 G°, i.e., the closure of H again 
coincides with G. □ 

Corollary 2.4. If L\,L2 are proper algebraically closed subfields of F, L\ is not 

contained in L2 and tr.deg(Li \L\ n L2) < 00 then the closure of H contains G f \l 
for some proper algebraically closed subfield L in L%. 



Proof. According to Corollary 12.21 there exists an algebraically closed subfield V 
in F such that tr.deg(Li|Li fl L') = 1 and H 3 Gp\L'- It follows from Lemma 
13] that the subgroup generated by Gf\l x and Gp\L' is dense in Gp\Li where 
L := L\ n V . We deduce from this that the closure of H contains some Gp\L of 
the desired type. □ 
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Proposition 2.5. The subgroup H = (Gp\L 1 , Gf\l 2 ) * s dense in GF\L x nL 2 f or 
any subfields L\ and L 2 in F such that L\ n L 2 is algebraic over L\ n L 2 and 
tr.deg(Li|Li n L 2 ) < oo. 

Proof. The usual Galois theory reduces the problem to the case of algebraically 
closed L\ and L 2 . Next, we may assume that L 2 does not contain L±, and L\ 7^ F, 
Set k := L\ n L 2 . Let L = L D be such that if 3 Gf|l and let tr.deg(L|fc)(< 
tr.deg(Li|fc)) be minimal. If L <2 Lj (j = 1 or j = 2) then, according to Corollary 
12.41 (tr.deg(L|£ n Lj) < tr.deg(L|fc) < 00), the closure of the subgroup generated 
by Gp\L and G F \ L (and thus, the closure of H as well) contains Gp^t, where 
V is a proper algebraically closed subfield in L, contradicting the minimality of 
tr.deg(L|fc). Thus, L = k, □ 

Proposition 2.6. There is a morphism of commutative associative unital monoids 
inverting inclusions (transforming the intersection of subgroups to the algebraic 
closure of the compositum of subfields, and the identity G to the identity k ) 

J open 1 a J algebraically closed subfields of F 

\ subgroups of G J 1 of finite transcendence degree over k 

uniquely determined by the following equivalent conditions: 

• Gpi a rm is a normal subgroup of H and, if possible, a{H) 7^ F ; 

• Gp\ a tm C H and tr.deg(a(i/)|fc) is minimal. 
In particular, for any L G AIT distinct from F and k, the normalizer G{ F ^ii* of 
Gp\L is maximal among proper subgroups of G. 

If n = 00 then any proper open subgroup H of G is contained in a maximal 
proper subgroup of G, and any maximal proper open subgroup of G is of type 
G{F,L}\k f or some L 6 All, L 7^ k. Besides that, a(H) = a{NcH). 

Proof. If a subgroup H of G is open then there exists L G An such that G f ij, C H. 
Let L be of minimal possible transcendence degree. For any a G H the group H 
contains the closure of the subgroup generated by Gp\L and Gpi^/^y. Then, by 
Proposition 12.51 H contains Gp^ ntJ ^), and therefore, cr{L) D L. Thus, H C 
G{p,L}\k- In other words, G f \l <H. 

Let us check the maximality of G^ Fy L}\k for L 7^ k,F. If G^p^k C U then 
Gp\K C U C G/ Fi jf\ij. for some K = K such that tr.deg(if|fc) < tr.deg(X|fc), since 
Gp\L C J7. The inclusion G/ Fi £T.|fc C G^p x}\k takes place only if either K — L, or 
/•T = fc. In the second case U — G. 

If, moreover, Gpi^i C _ff for another L' G All then either L C L', or L = F. 
If, in addition, C G/ F) m|fc then either L = i', or L = F, or LI = F. This 
shows that a is well-defined. This also implies that Gp\ a ^m < NqH, and thus, 
a(if) =a(N G H), if n = 00. 

Let us check that a is a morphism. If G F |^ C[/C G| F ^j| fc and G F ^ C VC 
^{F,L}|fc then G F |^ 3 C f/nF C G^^^-j.^ := G^ F ^ k f] G^ F ^ k . As G F |^ F 2 
Gf\kl and G^ F ^^j| fe C Gr F) KT}|fe) ^ remains to show that a(U d V) — F in the 
case KL = F. 
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If a{U) = F then evidently a(U n V) = F. If K and L are distinct from F 
then o^G/jr^T/uk) = KL, i.e. again a((7 n V) — F. □ 



Remarks. 1. If n < oo and H C G is contained in neither subgroup of type 
G{F,L}\k for L £ An \ {A;, f 1 } then f 1 is algebraic over the subfield generated over 
k by the if -orbit of x for any x £ F \ k. 

2. If tr.deg(L|fc) = tr.deg(F|L) = oo then G, FL \^ k is maximal among the 
proper closed subgroups of G, i.e., the subgroup H generated by G^ F -^^ k and 
by any a £ G such that <j(L) ^= L is dense in G. Question. Can one replace the 
condition 'tr.deg(.F|.L) = oo' by the condition l F ^ VI 

Proof. Replacing if necessary a by er -1 , we may assume that cr(L) does not contain 
L. According to |R1| Proposition 2.14], the closure of H contains G F <-^ na g^., since 
this is the closure of the subgroup generated by G F ^ and G F ^^y Set L' = 

Then there exists an element r £ G^ F -^^ k such that L' n t(L') = k. Namely, 

choose a transcendence base t\, t%, t§, . . . of L\k such that V C fc(t2,^3, • • •)• Let 
r £ G{ F j^\ k be such that rtj — t\ + tj for any j > 1. Then any element of 

L'Dt(L') has the following form F(ii+t 2 , t?+i 3 , . . . , if _1 +^/) = G(t 2 ,t 3 , t M ) 
for some algebraic functions F and G, and some M > 2. The equality of the exterior 
differentials in Q F i k gives us E^IT* ^jd(t{ + tj+i) = Ejli* Gjdtj+i, where Fj = 
dF/dXj and Gj = 8G/8X,, or (E^T 1 = E^i^ - Fj)dt j+1 , 

which is equivalent to Fj = Gj for all 1 < j < M and Ej=i i*i = 0, i.e., 
= Gj = for all 1 < j < M. This means that L' n r(L') = fc. □ 

3. Suppose that finitely generated subfields K\,..., Kn of F\k are in general 
position. Then the common stabilizer of their algebraic closures Gr F ^T ~Kji}\k 
is contained in precisely 2 N — 1 maximal proper open subgroups of G: G{p t K s }\k 
for all non-empty subsets S C {1, ... ,JV}, where i"Cs is the algebraic closure of 
the compositum of ifj for j £ S. Indeed, F, k and Ks for all S are the only 
algebraically closed subfields preserved by G^ F ^ Kj7}|fc- 

4. For any totally disconnected group H and a subgroup U C H the functors 
H°(U,—) and lim £f°(V, — ) on the category of smooth 7i-sets (or modules, 

UCVCH 

etc.) coincide. Here V runs over the open subgroups of H. 
In particular, the following conditions are equivalent 

1. H°(Ui, — ) = H°(U2, — ) on the category of smooth representations of H, 

2. H°(Ui, — ) = H°(U2, — ) on the category of smooth if-sets, 

3. any open subgroup of H containing U\ contains U2 and vice versa. 
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Proof. Implications ([3|)=>([2j=>([T]) are trivial. CTJ) (J3j - Assuming the contrary, let 
an open subgroup V contains Ui but not U 2 . Then [1] € H°(U 1: Q[H/V]), but 
[1]^H°(U 2 ,Q[H/V]). □ 

Then one can characterize the union of proper open subgroups of G as follows. 

Corollary 2.7. If n = oo then the union of proper open subgroups of G is a proper 
dense subset of G. The following properties of an element a G G are equivalent. 

1. a does not belong to the union of the proper open subgroups of G, 

2. W( a ' — W G for any smooth (i.e., with open stabilizers) G-set W , 

3. W( a ' — W G for any smooth representation W of G, 

4. there are non-zero a-invariant finite- dimensional F -vector subspaces in Q q F \ k 
for neither q > 1, 

5. there are no non-zero a-invariant finite- dimensional F-vector subspaces in 

ll F\k- 

If a has these equivalent properties then for any smooth G-group M restriction to 
(a) of any non-trivial smooth G-torsor under M is non-trivial, i.e., the sequence of 
pointed sets {*} — > Hg m (G, M) — > i/ 1 ((cr), M) is exac^ As one can it imagine, 
the groups Hom^ are in general much bigger than the groups Home. 

Proof. For instance, if {xi \ i S Z} is a transcendence base of F over k and a S G 
is such that axi — x-i + i for any i € Z then G is the only open subgroup containing 
a. 

To show the density, note that for any r € G and any L C F of finite 
transcendence degree over k there is <tl £ Gr p LT ^ L \ \i k such that (Jl\l — t\l- 

©, 0, © are equivalent by the preceding remark applied to U\ = G and 
U 2 = {a). 

©=>(I11)- Consider the set of non-zero finite-dimensional F-vector subspaces 
in Clearly, it is smooth, and it has no elements fixed by the whole group G. 

Then any element fixing a point of our set belongs to a proper open subgroup. 

The implication (J4]) => ([5j) is trivial. The implication (|5])=>([2| follows from 
Proposition 12.61 

Let K = k{xi | i G Z) and K + — k{x, L \ i > 0). The Haar measure on Gp\x 
induces an embedding Hom^ (K, W) =— > Hom( ) (F, W) via the normalized trace 
surjection F — ► K, Let M = {- € K+ \ - 1 < deg Xo P < deg Xo Q, P,Q e 
<7{K + )[x Q }}. Then the the natural map k © Q[(er)] ® (M © x a(K + )[x ]) — > K 
is an isomorphism of (er)-modules, and thus, Hom/ CT ) (K, W) = Hom(k,W G ) © 
Rom(M ®x a(K+)[x },W). □ 

Remarks. 1. Even if there is a g-dimensional cr-invariant subspace in Q)?^ 
there does not always exist a cr-invariant subfield in F of transcendence degree q 



1 but Hg m (G, M) <-* H 1 ((a),M) is not bijective, as shows the example of trivial G-group M ^ 
{!}• 
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over k. Example. Let x,y, Zi,i £ Z, form a transcendence base of F\k, and ax — y, 
ay = x 2 , azi — Zi+\. Then aui — —\/2oj, where to = \/2^r — „ ■ If there is a a- 

x y 

invariant subfield in F of transcendence degree 1 over k, and ip is its non-constant 
element then consider dip = ipjdx + tpudy. Then dip A daip = 0, so ipi ■ aipj = 
2xipu ■ aipn. Set ip = pj/ipjj. Then ip ■ aip = 2a;. As the equation a ■ a a = 1 has 
only constant solutions, a = ±1 (since this implies that a — a 2 a), and therefore, 
ip = ±\/2y/x. As the analytic solutions of x<fi(x,y) — \/2ypn(x,y) = are of 
type ip(x,y) = £(x y), we get ip £ k. □ 

2. If n — oo then any countable free group H = *j£S^ can be embedded 
into G in such a way that its intersection with any proper open subgroup in G 
is trivial. Namely, choose a transcendence base of F\k, and enumerate it by the 
elements of H: {xh \ h £ iff, Define an action of the generators {hj | j £ S} of 
H on the transcendence base by hjXh — Xhjh- Clearly, this action extends, though 
not uniquely, to F. 

Questions. 1. The preimage of any subgroup of a prime index in under 
the modulus character gives, if n < oo, an example of a maximal open proper 
subgroup, not encounted by Proposition ^. 61 Any compact subset of G is contained 
in infinitely many subgroups of this type. Are there any other maximal proper open 
subgroups? 

2. Do there exist closed subgroups not contained in maximal proper ones? 

3. Let A a := F(a, a^ 1 ) be the algebra of endomorphisms of the additive group 
F generated by F and by a for some a £ G. Clearly, A„ is a Euclidean simple 
central F^ -algebra, cf. [OJ. The set of a- invariant algebraically closed subfields 
in F\k injects into the set of A CT -submodules in f2p| fc by L F®l & L \ k . Suppose 
that n — oo and a does not belong to the union of the proper open subgroups of 
G. In particular, flp\ k is a torsion-free j4 CT -module of at most countable rank. In 
a standard manner one checks that the finitely generated torsion-free A CT -modules 
are free. 

An example of the ^4 CT -module Qp\ k of rank 1, which is not free, is given 

by F = k(xi, yj \ i £ Z, j £ N), where Xi, yj are algebraically independent, we set 
yo = xq and axi — a^+i, ayj = yj_±+yj. In particular, there is a strictly increasing 
sequence of cr-invariant algebraically closed subfields in F\k: kla^xo) C k{a z yi) C 

H^m)£ ... 

The rank of the ^4 CT -module Qp\ k is an invariant of the conjugacy class of a. 
What are the others? 

In the case F — k(xi \ ieZ), where Xi are algebraically independent and 
axi — Xi + i, one has A„ — * a l— ¥ ctdxo, so the set of v4 CT -submodules in fl F \ k 

is in bijection with the set of left ideals in A a , i.e., with the set of monic (non- 
commutative) polynomials in a with non-zero constant term. E.g., the polynomial 
a + 1 corresponds to k(xi + Xj+i | i £ Z) ^ F. The er z -orbit of an element y £ F 
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form a transcendence base of F\k if and only if there exists i <E Z such that 

y € k(xi) \ k. 

2.1. Stabilizers of 'homotopy invariant' representations 

Denote by Xq the full subcategory in Sm,Q consisting of representations W such 
that W Gp \ M = W Gp \ M ' for any extension M of k in F and any purely transcen- 
dental extension M' of M in F. Denote by X = X/f. = 2W : Sijiq — ► Xq the left 

/k 

adjoint to the inclusion functor Xq <—* Sttiq, and set Cl '■— X F \ k Q{{L <^-» F}\ for 
any extension L of k of finite type, cf. |Rlj . §6. 

The stabilizers of any object of Xg are of type G{p,F'}\k x G F , lk H, where 
F 1 G AH (is an algebraically closed extension of k in F of finite transcendence 
degree) and H is an open subgroup of Gp'\k such that if Gp'\L Q H then L = 

F' . (This follows from Proposition 12. 6} since if Stab^ = G{f.f 1 F s }\k x G F ^ k H, 

where H C Gp s \h is open and if Gp a \L Q H then L — F s \ F\ D ■ ■ ■ D F s is a 
flag in All, and S is the union of transcendence bases of -F1I-F2, . . . , F s _i|F s then 
Stab™ D Gf|l(S)> an d therefore, Stabm D Gpi^, i.e. F\ = F s .) 

One might wonder, whether the objects of (or of Admc) are determined 
by their stabilizers. The following example suggests that the morphisms are not 
determined by the stabilizers, if one allows irreducible objects. 

Example. There exist linear maps, respecting the stabilizers which are not 
G-equi variant. Namely, let A be a commutative algebraic fc-group, a be a Q-linear 
homomorphism A(F)/A(k) — ► A(k)q, and A C A(k)q be a Q-vector subspace. 
Then id + a : W :— A(F)q/A — > W preserves the stabilizers, but it is G- 
equivariant only if a = 0. 



3. Valuation subgroups 

Let O v be a valuation ring in F, m v = O v \ 0* be the maximal ideal, and k(v) be 
the residue field. If k C O v , fix a subfield k C F' C O v identified with k(v) by the 
reduction modulo rtv In this case k(v) is of characteristic zero (and algebraically 
closed). 

Set G v := {a € G | <r(O v ) — O v }. This is a closed subgroup in G. 

The Q-vector space V := F x /O* is totally ordered: v[x) > v(y) if and only 
if xy~ x £ O v , where v : F x — > T is the natural projection. The rank of v is 
r := dimQ T. We assume that it is finite. 

Assume that the characteristics of a field L and of the residue field n of a 
valuation w of L are equal. Then w is called discrete, if L is algebraic over the 
subfield generated by a lift of a transcendence base of K and by a lift of a basis 
of the valuation group. In particular, v is discrete if and only if the transcendence 
degree of F over F' is equal to r. 

The basic example of O v is, after choosing an arbitrary algebraically closed 
F' C F, over which F is of transcendence degree r, a transcendence base x\,. . . ,x r 
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of F over F' , and embeddings Fj e -> lim Fj-i{{x X J N )) over Fj_i(xj), the preim- 

JV ► J 

age in F of the ring 6 r = F'ffipi = lim F'[[^ /JV ]]ep 2 = Oj-i©f j- Here F := F' 

N * 

and Fj = Fj_i(xj), p r+1 = and p, = lim x) ,N F> {{x\ ,N )) . . . ((zl^))[[z} /JV ]]e 

N ► J J J 

pj+x are prime ideals for all 1 < j < r + 1. In this case v(x™ 1 )<•••< v(x" lr ) for 
all mi, . . . , m r > 0. 

If r < oo and cr(O t ,) C O v for some a £ G then er <E G„, since cr induces 
surjective endomorphism of T, i.e. an automorphism. 

It is well-known, [ZSJ, or Exercise 32, Chapter 5, [AM| . that the comple- 
ment O \ p to a prime ideal p in a valuation ring O projects onto the set of all 
non-negative elements in some isolated subgroup of the valuation group T, and 
SpecO -^-> {isolated subgroups in T}, p i— > (v(0 \ p)), so there are exactly r + 1 
prime ideals in 0„. 

Remarks. 1. If p ^ is a non-maximal prime ideal of finite codimension in 
O v and O v i := (O v ) p then G v C G.„< (since any element c € G u preserves p, thus 
also O v \ p, i.e. induces an automorphism of O v i). 

2. The inclusion G v C G^ F Q ^ x -i^ k is proper for r > 1, i.e. G„ is not 
maximal. 

Let V r L be the set of discrete valuation rings of rank r in L, containing k, 
admitting also the following description. Let C r x be the set of chains of irreducible 
normal subvarieties up to codimension r on an irreducible proper normal variety 
X over k. Any proper surjection with irreducible fibres, e.g. a birational morphism, 
X' X induces an embedding C r x ^ C r x , , (Z 1 D ■ ■ ■ D Z r ) ^ (W 1 D ■ ■ ■ Z) 
W r ), where W° := X' and W j := H^-i ) pr 1 op (^) for 1 < j < r (and tt|wi = 
W\ — > Zi). If L is of finite type over k then = lim C x , where X runs 

x * 

over the models of L\k, and V T F = y lim (IIj =0 ^i)^ x II j=o T^f ■ I n particular, 

Pj; = G(fc), if n = 1, where G is a smooth proper model of the field L over k. 

Any proper surjection X 1 — X induces embeddings ^[C^] T\C X ,] and 
Z[C^]° «^-> Z[C£,]°, where Z[C^]° := flJ=o kcr ( z I c 5f] — ►Z^]), C^' denotes 

the set of chains with no component of codimension j and C x — > C r x is the 
omitting of such component. 

In particular, one can define a smooth G-module LV = lim "Z[P^}°, where 

L > 

L C F runs over the set of subfields of finite type over k. Then one can define a 
morphism grY q H q dR/k (F) ^L™ ® k by A ■ ■ ■ A ^ -> sgn( ( x)ab, • 

(■Dff(i) ^ CT (i)er(2) 3 • • ■ D n|=i £>j = : -Di...?), where A is given locally by U = 
and a is regular in a neighbourhood of t\ = ■ ■ ■ = t q = 0. 

The following fact is a well-known property of the Newton polygon. 
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Lemma 3.1. Let O be a valuation ring in an algebraically closed field L and v be the 
valuation. Suppose that the coefficients of a polynomial P{X) = J2 S a sX* £ L{X] 
satisfy a%aj 7^ for some i < j and (j — i) ■ v(a s ) > (j — s) ■ w(a,) — (i — s) ■ v(a,j) 
for any s. 

Then there is z G L such that P{z) — and (j — i) ■ v(z) = v(ai/a,j). 

Proof. Replacing a s by a s ■ aT 1 ■ t s ~ l , where = cti/cij, and z by z/t, we may 
assume that a s £ O for any s and ai 7 a,j £ O x , and look for z £ O x such that 
P{z) = 0. 

K there is no such z then P(X) = cQ(X)R(X), where c £ L x , Q(X) = 
U a&S ( X - a )> R ( X ) = UpeA 1 ~ P X ) and S,T C m := O \ O x . Thus, modulo m, 
Q{X)R(X) is a power of x, contradicting the existence of two non-zero (modulo 
m) coefficients of P(X). □ 

Lemma 3.2. IfO<r<n+l<oo then the G-action on the set of pairs («, A), 
where v : F x — ^> T = Q r is an element of V r F and A = IT is a lattice in T, is 
transitive. The stabilizer of (v,A) acts transitively on the set of maximal subfields 
F in F\k such that v(F x ) = A. The residue field of F coincides with k(v) (in 
particular, it is algebraically closed). 

Proof. Let = To C Ti C ■ • • C IY_i C T r = T be the isolated subgroups 
in r. Choose x\,x-2, ■ ■ ■ £ O v such that v(xj) £ Tj \ r^-i for 1 < j < r and 
x r+1 ,x r+2 , ■ ■ ■ modulo ra„ form a transcendence base of O v /m over k. Clearly, 
xi,X2, ■ ■ ■ are algebraically independent over k. Set k' = k(x r +i,x r +2, ■ • • ) C F 
andP r := lim k'{{xl' N )) . . .{{xl /N )). 

N 

Define the embedding k{x\,X2, ■ ■ ■) ^> k {(Xi)) . . . ((X r )) by Xj *— > Xj. It 
respects the valuation. Consider the set S of embeddings into F r of subfields in 
F containing k(xx, . . . , x n ), extending <p and respecting the valuation. The set S 

is partially ordered. Clearly, S contains maximal elements. Let L' ^> F r be a 
maximal element of S. If J2 S a sV s — is a minimal polynomial of y £ F over L' 
then there exist i < j such that v(y) — . By Lemma l3TT| there exists z £ F r 

such that J2s£( a s) zS = and v[z) = *&0^> = < a jM , Therefore, ^ extends 
to L'(z) by y i— > z, and thus, L' = F. 

This shows that <p extends to an embedding F <-^> F r , respecting the valua- 
tion. 

Thus, any element of V r F is determined by a choice of x\, X2, ■ ■ ■ £ F alge- 
braically independent over k and by an embedding of F into F r over k(x±, X2, ■ ■ ■)■ 
Clearly, the G-action is transitive on these data, which means its transitivity on 
V r F . 

The completion of F is isomorphic to k' ( ( X\ ) ) . . . ( (X r )) , so F is isomorphic to 
the algebraic closure of k(xi,x 2 , . . . ) in k'((Xi)) . . . ((X r )). As G v acts transitively 
on the lattices in T, the isomorphism class of the extension F\k is determined 
uniquely. □ 
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The G„-action on k(v) induces a homomorphism G v — » G K r v )\k- Let 

G\ := {a € G v \ ax — x € ra„ for any x £ O v } 

= {a e G | 2£ € 1 + m„ for any x e 0*} 

be its kernel, the 'inertia' subgroup. 

A continuou^l section of G K ^\ k G„ is determined by a subfield F' C C„, 
identified with by the reduction modulo m«, and by an embedding of F into 
the field of iterated Puiseux series lim F'((t\ )) ■ ■ ■ ((tr ■ )) over F' compatible 

jv * 

with valuations (i.e. by a choice of a section T <-^> F x of the valuation v). 

As the centralizer of G£ is trivial, such sections form a Gj-torsor. One has a 
decomposition G v = G\(G V n G{p,F'}\k)i where Gj, n G^^/}^ = G„ n Gp\F'- 

Restriction to F' and reduction modulo m v , respectively, determine canonical 
isomorphisms G F ,\ k (G v n G {F:F / } | fe )/(G t , n G F \ F ,) -^-> G K( „)| fc . 

Let i3+ be the group of linear transformations of T (isomorphic to the group of 
upper-triangular rational rxr matrices with positive diagonal entries) , respecting 
the order, i.e. the flag of isolated subgroups = To C Ti C • • • C T r = T and the 
orientation of each Tj/Tj-i = <Q>, 1 < j < r. Then V T L consists of (some) valuations 
(L x /k x )®Q — » Q r modulo the £?+-action. The G^-action on F x induces a linear 
action on T, preserving the order, i.e. a homomorphism G v — > B + , surjective and 
split, if v is discrete. 

Let G° := {a G G v \ ax/x e O x for any x S F x } be its kernel. 

There is a homomorphism Gj, n G° — > Hom(r, k(w) x )H cr i — > (v(x) i— » 
ctx/x mod m v ), which is surjective and split, if u is discrete. 



2 One can apply the well-known fact (cf., e.g., [Wj *! that the Z-subalgebra in k generated by the 
coefficients of any element of fc((i)), which is algebraic over k(t), has a finite number of generators. 
Proof. Let F(f,t) = be a minimal polynomial of some formal series / G k[[t]]. Then the first 
partial derivative of F with respect to first variable does not vanish at (f,t): Fi(f,t) ^ 0, so 
Fi(f,t) e t s k[[t]] \t s+1 fc[[t]] for some s > 0. 

Denote by f n the only polynomial of degree < n congruent to / modulo t n . For a polyno- 
mial $ in t and an integer m denote by $r m ] the degree-m coefficient of Clearly, Fi{f n ,t)\ rn \ 
is independent of n for n > m. 

We are going to show that the Z-subalgebra in k generated by the coefficients of / is 
generated, in fact, by the coefficients of F, by the coefficients of / s +i and by the inverse of a 
polynomial in coefficients of F and in coefficients of / s +i- 

This is done by induction on degree n > s: by definition, F(f n ,t) S t n fc[[<]] and we have 

to find (assuming that it exists!) an element a n £ k such that F(f„ + a„t n ) g t n+1 fc[[t]]. One 

has F(f n + a„t n ,t) = F(f n ,t) + F I (f n ,t)a n t n (mod t 2n ), so the condition is F(f n ,t)[ n + S ] + 

Fi(fn,t)\ s ]a.n = 0. This is a linear equation with polynomial coefficients in coefficients of F and 

in coefficients of / s +i- As a n is a (unique!) solution of this linear equation, Fj(f n ,t)^ =: D is 

non-zero. Then the coefficients a n are polynomials over Z in coefficients of F, coefficients of f s +i 

and in D" 1 . □ 

3 Clearly, Hom(r,K(«) x ) 9i ( lim M N ) r , where M NN , := k(v) x » M N , := k(v) x is the 

* — JV 

raising to the iV-th power. 
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Lemma 3.3. Its kernel G\ := {a E G v \ ax/x E 1 + m v for any x E F x } C G\ is 
a discrete subgroup if n < oo. The functors H°(G,—) and H (G*,— ) coincide on 
the category of smooth G-sets, if n — oo and v is discrete of finite non-zero rank. 

Proof. The G^-action on F extends to a continuous G„-action on the completion 
F v of F, and the continuous G^-action on F v is determined by the action on some 
r-tuple of elements, representing the isolated subgroups of T and by the action 
on some maximal subfleld with trivial restriction of v. Clearly, the latter action 
is determined by its restriction to any transcendence base over k. The second 
assertion follows from the fact that any open subgroup containing Gl coincides 
with G, which follows from Proposition 12,61 □ 

Remark. There is a natural inclusion of sets G°/G* =-> Hom(F x /(fc x + 
m.„), k(v) x ), [a] I— > (ax/x mod m„). 

Let L be the function field of a d-dimensional variety over k, I C {1, . . . , r} be 

1/1 /k 

a subset and v E V F , p E V L . Let PtV j be the set of all embeddings a : L <^-> F 
such that cr- l (O v ) = O p and a(L x ) n T t ^ a(L x ) n LVi if and only if 1 < i < r 
and i E I. 

Proposition 3.4. If to := max(0,r + cl — n) < \I\ < M := min(rf, r) then O p<v j is 

/k 

a non-empty G v -orbit. The set {L F} is a disjoint union of O p . v j. In partic- 
ular, Q[{L ^> F}] G t = ©fi m © p67> . Q[{«(p) ^ and G„\{£ ^> F} = 

Proof. Any element of cr(L x ) is either contained in O v , or its inverse is contained 
in O v , i.e., O p := cr _1 (C> u ) is a valuation ringQ Clearly, O p is a discrete valuation 
ring. 

As a : L x /O x ^ F x /O x , one has rk(i x /O x ) < M. Let us check that 
rk(i x /O x ) > to, and in particular, the inclusion {L x /O x )(g)Q A a(L x )/a(L x )n 
O x C T is bijective. Let x E F x be algebraic over cr(L) and Y%Lo a i x ^ - ^ be a 
minimal polynomial of x over a(O p ). Then there exist < i < j < m such that 
CLidj 7^ and v(a,iX l ) — v(ajX^), so = ^°'/° J \ i.e., the element 6 F x jO x 
is in the image of (L x jO x ) <g> ^Z. 

We may assume that Oj = 1 for some j. Thus, if x E O v then its image in 
O v /m v is algebraic over a(O p )/a(m p ), i.e. O v /m v = O p /m p , and therefore, p E P£, 
if d = n. 

To check that PtV j is a G„-orbit, we have to show that for any pair of 
its elements a, r there exists £ E G v , extending rer -1 : a(O p ) — ► t(O p ). The 

4 Note, that the henselian property does not suffice. For instance, if k(X) = k(xi, . . . , x£) is 
embedded into the field of fractions of O := fc[[Ti,.. . ,7V]], Xj ^ T a J , \otj \ = then k(X)nO = 
k, since it consists of homogeneous functions in 7\, . . . , TV of degree 0. 
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/k 

embeddings <r, r : L <-^> F are such that a(O p ),T(O p ) C O v and <r{L) x and t(L) x 
span some subspaces in T in the same position with respect to the flag of isolated 
subgroups Ti C T 2 C • ■ ■ C T r = T. 



The set 
S := { A ^ O v 



v(tp(x)) > v((p(y)), if v(x) > v(y) for x,y £ A, 
a{O p )CACO Vl ip\ a{0p ) = tct- 1 

TO' 1 

is non-empty, since it contains (<r(O p ) <-^> O v ). According to Zorn's lemma, there 

ip 

are maximal elements in 5, for instance, B <^-> O v . Then B is integrally closed in 
O v , since for any x £ O v integral over B an embedding tp extends to B[x] C O v , 
even respecting the orderd since O v is integrally closed in F. Thus, any element 
of O v can be presented as a/6, where a,b £ B and v(a) > v(b). As ^ respects the 
order, it maps O v into O v , i.e., O v — B and ^> € G„, cf. pfTTl 

Ik 

The set O p , v j is non-empty, since, given an embedding L <— > F, the valuation 
p extends to an element of 7-^, and the group G permutes the elements of V r F 
(Lemma \EM- a 

3.1. Valuations and maximal subgroups 

/k 

Example. If n = 1 then to any valuation v the decomposition {k(C) i* 1 } = 
C(F) \ C(fc) = Uc(fc)( m f \ {0}) is associated. 

Proposition 3.5. If n = 1 then PtV H O q y is non-empty for any pair of distinct 
v,v' £ Vp and any pair of distinct points p,q £ C(k) on a smooth proper curve 

Ik 

C over k, i.e. there is an embedding a : k(C) c — > F such that <j{O p ) C O v and 
a{O q ) C CV. (Here O p , v := O pM1} .) 

Proof. We consider v and v' as a compatible system of points on smooth proper 
curves over k with the function fields embedded into F: if Cp — ►> C a then vp i— > w Q 
and ^ One needs to check that there exist (5 and a map — ►» C such 
that f/3 i— > p and w^, i— > g. 

Choose a non-constant function x £ 0(C \ {p}), i.e. a surjective morphism 
C — > P 1 sending to oo only p. Let C" — > C be a cover such that the composition 
C — > C — > P 1 is a Galois cover with the group A. For some a such that 
v a 7^ v' a choose a surjection C a — > P 1 such that v a ^ oo and w„ i— > x(g). 
Consider the normalization D of an irreducible component of C Xpi C Q . The 
surjection £> — > C a is isomorphic to the surjection Cp — ► C a for some /3. Let 
7r : C7g — > C" be the projection. As A acts transitively on the fibres of the 
composition C — ► C — > P 1 , there is an element 7 £ A such that jnty'g) belongs 

to the preimage of q. Then the composition Cp C — ► C maps Vp to p, and 
v'p to g. □ 



3 i.e., if X/JLo a s£ s = 0, a s g B and u(ai) = f or some i < j then one can choose y £ O v 



such that £™ ^(« S )J/ 3 = and v(y) = v J^0j)l 
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Proposition 3.6. For any pair of distinct v, v' £ Vp the subgroup H , generated by 

/k 

G v and G v > , acts transitively on {L F}, i.e. H is dense in G. 

Proof. Let L be an extension of k and w,w' : L x /k x — -> Q be a pair of discrete 
valuations. If 0* C 0*, in L then 0*,/0^ is the kernel of Q D L x /0* — > 
— > L x /0,*, C Q, which is evidently injective, so w — w' . Let w ^ u>'. Then 
for any x £ 0* one has either x £ 0^, or x^ 1 £ 0„,', that is there is some 
(eO^n O w > such that i £ O*,. Fix such i and t 1 ^ for all integers iV > 1. 
Let xi, X2, ■ • • £ be a lifting of a transcendence base of k(w) over fc(£). Set 
ko := k and define inductively a strictly increasing sequence of algebraically closed 
subfields in {0}U (0* CiO*,) C L as follows. For any i > 1 there exist P G fc<-i[T], 

an integer iV > 1 and M G Q+ such that ^ := r M (xf' (t) - i^'WP^ 1 ^)) G 0*, 
and yi ki-i + m w >. Then 2/1,2/2, • • ■ is another lifting of a transcendence base of 
over kit) in 0*. Set fcj := ki-i(yi) and fc' = |Ji>i Then is algebraic 
over the reduction of fc' modulo ra m and «(«/) is algebraic over the reduction of 
k' modulo m w i . This shows that we are reduced to the case of n — 1 . 

/k Ik 

By Proposition 13.51 for any £ : L <—* F the map G v x G v > — ► {L F}, 
given by (a, r) i— > ctt£, is surjective. □ 



If n = r = 1 define 93 : — ► F U {+00} by o v(ax/x — 1) for any 
x G m \ {0} , or x £ F \ O v . 

Lemma 3.7. ip is independent of x and determines a bounded non-archimedian 
bi-invariant distance on G\. The logarithmic distance transforms the adjoint G v - 
action on G\ to the natural G v -action on T = Q. 

Proof. Independence of x: if a ^ 1, y = J2j>i a j x ^ N f° r some a, £ k and 
ax/x = 1 + ax a , where a £ 0* and a > 0, then ay — y — J2j>i a j x {(^ + 



ax oc)j/N _ Le _ 



(jy/y-l = ^\ax a +o(x a ). (3.1) 

Thus, v(ay/y — 1) = v(x a ) — v(ax/x — 1). 

From the equality arx/x — 1 = (<j(tx)/tx — 1)tx/x + ti/s - 1 we get 
that y(crT) > min(9?(cr), 9?(t)), y(^T^ _1 ) = £<p(t) for any £ G G v (in particular, 
= <p{r) for any £ G G°) and y(cr) = ^(er -1 ): v(a x/x — 1) = v(x/ax — 
1)=y(4 □ 
Lemma 3.8. For ant/ integer N > 1 £/ie self-map of G\, cr 1 — >■ cr^, is infective. 

Proof. This follows from the identity (/ + h) oAr = / oW + iVTi + o(/i) for any formal 
Puiseux series / = x + o(x) and /i = o(x) which can be checked by induction 
on N: for N = 1 this is evident; (/ + h) o( - N+1 ^ = (/ + h)(f° N + Nh + o{h)) = 
f{f oN + Nh + o(h)) + h + o(h) = f°( N +V + f(f oN ) ■ Nh + o(h) + h + o(h) = 

+ ^ + 1) • h + o(h), a 
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Let Gl{(3) := {a G G\ \ tp(a) > 3}, where 8 G T <g> R. This is a normal 
subgroup in G°. Then G\ = Gj(Q) = Gj(0)+ where G*(/3)+ := U 7>/3 G 1 U (7) = 
{<r G Gl | ^(ff) > /?}. Clearly, Gj(/3) # Gj( 7 ), if /? ^ 7. 

Lemma 3.9. There is a canonical isomorphism G\{3) / G\{8) + — > Hom(r,m^), 
w/iere 

[31 r 1 / \ ^ oi ; r i i \ 01 ~, I k, if 8 G T and 3 > 

m lw ={a;eni v(x) > 3}/{x G m | v(x) > 0} — * 1 



0, oth 



erwise 



Proof. It is clear from the formula (|3.ip that any element a G G\{(3) induces a 
homomorphism T — > v(y) i— > try/y — 1. 

This gives a surjective homomorphism G},{3) / G\{3) + — > Hom(r, m^): 
er£ i — > (v(x) <— > <r£x/x — 1 = er(£x/x — l)o~x/x + (erx/x — 1) = (£x/x — 1) + 
[axjx — 1)). 



Let us check its injectivity: ex = x(l + ax' 3 + x^h), h G m. Let r[ac(l -•- 



ax p 



orft,)] := x(l + ax' 3 ). Then tctx/x = 1 + as' 3 and, if we set y := x(l + ax@) then 
x(l + ax' 3 + 2^/1) = y + o(y /3+1 ), and thus, r G Gl(3) + . Finally, Gi(^)/Gj,(/3)+ = 
Hom(r,m^]). □ 

Lemma 3.10. G l v {3) is surjective over G/G° for any f3 G T ® R, 

Proof. As G„ is maximal and does not contain G°, it suffices to show that the 
subgroup generated by G*(/3) and G° contains G,j. A choice of a section s : T — ► 
F x of the projection v : F x — > T determines an additive section Hom(r, k x ) — > 
G° n G° of the projection G° — > Hom(T,/c x ). A choice of x G m n s(T) gives 
a bijection of sets Gl and m: m 3 to : x i— » x(l + to). The elements (as i— ► (1 + 
x") 1 /" — 1) G G„nG°, a G Qi., determine a set-theoretic section of the projection 
G v — > Q*. 

It remains to check that the subgroup generated by G*(/3) and G* n G° 
contains Gj,. Clearly, x(l + ax a )~ x / a G Gj H G°. If an element of G* is presented 
by ft = x(l + ax Q + o(x a )) G x(l + m) n fc^x 1 /^]] then h(l + aah a y 1 ' a = 
x(l + o(x a )) G x(l + m) n ^[[x 1 ^]]. So the composition of h with an appropriate 
element of G\ n G° will be in Gl{8). ' ' □ 



4. Valuations and associated functors 

The aim of this section is to associate a sheaf in the smooth topology to any 

smooth representation of G. This can be achieved in the following way. For each 

/fc 

smooth /c-variety X, a scheme point p G X and an embedding k(X p ) F of the 
function field of the connected component X p 3 p of X, define a collection Jx,p 

of subfields in F and then set W X , P ■= W G ^ MX ^ n (T, f „ eJx p VK G ^") . This is 
what is called "globalization", cf. §4.11 

Obviously, for any q > we want to get the sheaf of differential g-forms 
^oifc f rom the smooth representation Q q F , k of G. For the representation ®|, ^F\k 
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there are more options: one 'homotopy invariant' &) q ^Q\ k (which is more reason- 
able), and another one with the Galois descent property. Here 'homotopy invariant' 
means that for any projective bundle X — > Y with a proper base Y the induced 
morphism of sections is an isomorphism. 

On the other hand, it is natural to ask, whether the constructed sheaves are 
functorial with respect to the regular embeddings. In some extremal situation this 
is discussed in 34.21 



4.1. The "globalization" functor 

For any collection J of subfields F" C F the additive functor 

$j : W ^ W G "\ F " 
F"eJ 

on Sine preserves surjections if any element of J is either of infinite transcen- 
dence degree over k, or is contained in an element of J of arbitrarily big finite 
transcendence degree over k. In general, $j preserves the injections. 

Remark. If J consists of all purely transcendental extensions of k then 
^j(^F\k) = ^F\k if « > 9 and $j(^| fe)reg ) = for any q > 1, so <J>j is not 
exact in general, even if n = oo. 

In particular, for a discrete valuation v € V r F consider the functor 

(— )„ : Stug — * 5tog„, 

W^W V := Ef''co„ W g "\ f " = J2aeG„ W Gf \°<- p "> = E CTGG t W G W"> C W for 
any algebraically closed subfield F' C O v such that tr.deg(i 7 "|fc) = tr.deg(F\k) — r. 

Set T r (W) := C\ veV r W v and T := Ti, so T r : 5mg — ► 5mg are additive 
functors. 

Example. Q[{L ^ F}] v = Q[{L ^ O v }] and (F[{L ^ F}]) v = O v [{L ^> 
O v }} (and all these modules are zero if tr.deg(L|fc) > n — r). 

If n = oo then for any open subgroup U C G the module Q[G/U] V (resp., 
(F[G/U]) V ) is the direct sum of Q • [cr] (resp., of C„ • [cr]) over all [<r] € G/t/ such 
that alia -1 contains Gp\L for some subfield L C O v . (Proof. There are no proper 
open subgroups of finite index in Gp\pn for any algebraically closed subfield F" 
over which F is of infinite transcendence degree, cf. |R1] , Thus, either Gp\p» nxes 
the coset [cr], or the Gp\pn -orbit of [a] is infinite. □) 

In particular, (F[G/U]) V ®o v F = F[G/U] if and only if U = G, (Suppose 
that U 7^ G and F[G/U] surjects naturally onto F[G/U'] for a maximal open 
subgroup U' = G{p,L}\k containing U, where L is an algebraically closed subfield 
in F\k of finite transcendence degree, and (F[G /U]) v ®o v F surjects naturally onto 
(F[G/U']) V ®o v F. However, (F[G/U']) V ®o v F = ^[{subfields F" C O v \ F" S 
L}]^F[G/U'}. □) 

Lemma 4.1. Let v : F x /fc x — » T be a discrete valuation of F, and k C L C F be 
a subfield. Set 

L'u := {a € F | for any 7 S T there is a 7 € L such that v(a — a 7 ) > 7} C L. 



On maximal proper subgroups of field automorphism groups 



19 



Then W FlL v = w GF ^ nGv for any smooth G-set W . However, the inclusion 
Gp\L h D Gp\L n G v is strict, unless T = Q, 

Proof. Let w G W G "\ LnG -. By PropositionEH G F]L nG v C Stab w C G {FtK}]k for 
K = a(Stabu,) G AIL This means that K C L (otherwise, for any / G K\ (KDL) 
and any i g 1 L with u(t) there is a G G^-^nGj, such that af = f + t^ K), i.e. 
Gpi-^ C Gp\K C Stab w , On the other hand, Gp\L n Gt, — » G-^| Lft , and therefore, 
Stab„, D G^i^h. □ 

Lemma 4.2. in i/ie setep of Lemma \4.1\ the sequence i — ► Gp\L n Gj, — ► G F | L n 
G„ — > G K ( l) )| K(t ,| J -) — ► 1 is ea;act □ 

Lemma 4.3. If n = oo then there are canonical isomorphisms 

Hom G (VK, W") Hom G „ (W v , W) = Hom G „ (W«, W^) 

/or any W, W G 6>m G . In particular, the functor (—) v ■ Sma — ► Smc v , is fully 
faithful. 

Proof. By Lemma BU W' G ^ F ' = w' G ^ F ' nG \ Tne G„-module W v is generated 
by its subspace W Gf ^ f ' for any algebraically closed subfield F' C O v of infinite 
transcendence degree, so 

Homc„ (W v , W') C Hom G{FF/}|fenG „(VF G ^^',^') 

= Hom G{r F , )|tnG „ (IF G ^' , W ,G ^ F ' nG ^ ) = Hom GF , |fe (W Gf i f > , W ,G ^'). 

This implies that Hom G „ (W V ,W) = Hom G „ (W v , W' v ). 

As W i-» I4/ Gi7 i*" gives an equivalence of categories 5m G — > <Sm GF , |fc , 

cf. [El Lemma 6.7], the composition Hom G (W,W") Hom GlJ (W^, W') ^ 

Hom GF , |fc (W G ^' , ir Gj7 i F ' ) is an isomorphism, i.e. 7 is also an isomorphism. □ 



Remark. Clearly, (— )„ does not preserve the irreducibility: the surjection 
W v — ► Hq{G\, W v ) is usually non-injective and nontrivial, e.g. (F/k) v = O v /k 2 
m„ = pi 3 p2 2_ • • • 2_ pr has length r + 1. However, (— ) v preserves the existence 
of a cyclic vector: if W G <Sm G is cyclic then the G F '|fe-module W Gf ^ f ' admits 
some cyclic vector w (as H°(Gp\pr, — ) : 5m G — ► Smc F , lk is an equivalence of 
categories), and thus, iu generates the G„-module W v . It follows from Lemma [431 
that if W is irreducible and W v is semisimple then W v is irreducible. 

Lemma 4.4. Let J be a collection of algebraically closed subfields F" C F of count- 
able transcendence degree over k. The following conditions on J are equivalent: 

• the functor <&,/ is exact; 

• for any integer N > 1, any extension L of k of finite type, any collection of 

/k ' /k 

embeddings £j : L <— ► i*j wii/i G J /or an?/ 1 < j < N, and any a : L <—* F 
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there is an element a £ Q[G] such that a^j — for any 1 < j < N and 

aa - a e Q[{L IX F" \ F" e J}]; 
• for any irreducible k-variety X , any integer N > 1, any collection of domi- 
nant k-morphisms fj : X — ► Yj with dimY, < dimX for any < j < N 
such that fo does not factor through fj for any 1 < j < N , and any generic 

/k 

point a : k(Yo) ^> F there is a generic 0- cycle a € X(F) such that {fj)*a = 

for any 1 < j < N and (/o)*a — a e Q[{k(Y )^F" | F" e J}] . 

Proof. <I>j is exact if and only if for any exact sequence — ► A — > B — > E in 
Sm G its subsequence &j(A) — ► ®j(B) — > ®j(E) is exact, i.e. (5j(A C S) := 
$>j{B))/$j{A) vanishes. We are looking for inclusions A a B such that 
Sj(A C B) / 0. Suppose that an element 7 € Ap|$j(_B) does not belong to 
<&j(A). Let 7 = SjLi 7j f° r some N > 2 and 7j £ B Gfil j ', where are some 
subfields of finite type over fc of some elements of J. Then we can replace B with the 
submodule generated by 71, . . . , -jn, and replace A with the submodule generated 
by 7. 

c D ~ C ® N 

Then A <— > _B is dominated by the diagonal morphism J_ J_ 7r 

A B, 

/k 

where L is the compositum of L\, . . . , Ln and C := Q[{L F}], by sending the 

/k 

generator id : L i* 1 of C to 7 and the generator of j-th multiple of D = C® N 
to 7j. 

Let if := kcr(7r : D — » B). The inclusion ®j(A) C Af| is dominated 

by the inclusion 4>j(C) C A-^if -^(C) 9 ^), since A" 1 (if +$ J (C')® Ar ) coincides 
with 

{/? = &• + xj e C I 1 < j < N, (3j e $j(C), x = (xi, . . . , xjv) e A - }, 

so «5j(A c B) = A" 1 ^ + *j(D))/($j{C) + A-^K)), i.e. $j(A) = Af)$j(B) 
if and only if $j(C) + A^if ) = A" 1 (if + $j(C) ffiAr ). 

Let € A^ 1 ^ + £ C, so /3 = & + x,- for some fa e $j(C), 

1 < J ' < -^Vj and x = (xi, . . . , x^v) € if. If /3 has a non-zero image in Sj(A C B) 
then it has also a non-zero image in A -1 ^' + &j(D))/($j(C) + A _1 (if')), where 
if' is the G-submodule in if generated by x. Replacing A with C/A _1 (if') and B 
with D/K' we can further suppose that if is generated by x. If there is a £ Q[G] 
such that a/3j = for all 1 < j < N and a/3 - (3 E $./(C) then ax = Aa/3 e if, 
so /? = (/3 - a/3) + a/3 e $j(C) + A" 1 (A - ). 

Conversely, let A = C/A" 1 ^) and £ = C*®( JV+1 Vif, where C = Q[{L <^ 
F}] and if generated by x = (a, a — £1, . . . , a — £at). Clearly, 

Aa = x + (0, £1, • • • , 6v) = x + (0, 6, • • • , frr) € if + $j(C7)® (JV+1) . 

If <&j is exact then cr belongs, in fact, to A _1 (if) + $j(C), i.e. a = /3 + ^ for 
some /3 G $j{C) and V € A _1 (if). Then, as x is a generator of if, there exists 
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a e Q[G] such that ax = (ip, ... ,ip), and therefore, a — (3 = aa = a(a — £j) for 
any 1 < j < N, so a£j = and aa = a — (3. Clearly, this is equivalent to the 
second condition of Lemma. 

The second and the third conditions are related as follows. A is a variety with 
the function field equal to the compositum of all £j(L) and <r(L), the morphisms 
fj are induced by the inclusions of the function fields. Clearly, the direct image 
of 0-cycles to j-th multiple in the geometric case becomes the action on £j in the 
algebraic case. □ 



'Negative' remarks. 1. Given a subset A c Y\ x Y 2 , it may well happen 
that the induced homomorphism a : Z[A] — > Z[Yi] x Z[Y 2 ] is injective, even if all 
the fibres of both projections are infinite. 

To see what is going on, and to construct an example, we associate to our 
data XcFiX^a graph T with coloured edges in the following way. The vertices 
of r are elements of Y\, the colours of the edges of T are elements of Y 2 . Any pair 
of vertices is joined by at most one edge of any given colour. A pair of vertices 
a 7^ b is joined by an edge of colour c if and only if (a, c), (b, c) G X. 

We claim that if a is injective then any pair of vertices is joined by at most 
one edge. Indeed, otherwise, if a and b are joined by colours c and d then (a, c) — 
(b, c) — (a, d) + (b, d) is a non-zero element in the kernel of a. 

Clearly, if a and b, b and c are joined by colour d then a and c are joined by 
colour d (transitivity). 

Suppose that there is a cycle in T, say, with (pairwise distinct) vertices a, and 
edges of colours bi, i e Z/nZ, where di and a,+i are joined by an edge of colour 
bi. Then (aj,6j), (aj,6j_i) e A for all i € Z/nZ, and therefore, X^ez/nzK *' ^») ~ 
(dj, bi-i)] is an element in the kernel of a. It should be zero, i.e., b\ = ■ ■ ■ = b n . In 
other words, any cycle in T should be monocoloured. 

Similarly, suppose that there is a cycle of colours in T, i.e., a collection ver- 
tices di, 1 < i < n + 2, and (pairwise distinct) colours bj, 1 < j < n, where a% 
and dj+i are joined by an edge of colour 6, for 1 < i < n and a„+i and a n+ 2 
are joined by an edge of colour b\. Then (en, bi), (dj+i, 6,) e A for 1 < i < n, 
and (a„+i,6i),(o„+2,bi) € A, so therefore, X)"=2[( a i'^) ~ ( a i+i>^)] - («2,&i) + 
(a n+ i,6i) is a non-zero element in the kernel of a, leading to contradiction. In 
other words, for any colour b £ Y 2 any pair of edges of colour b in any connected 
component of T has a common vertex. 

Now we produce an example of T. The set of its vertices is constructed in- 
ductively, as the union of an increasing sequence of sets Si. Let So be a set (of 
vertices). We join the elements of So pairwise by the colour 0. For each s G So 
fix a set 5 S; o- We join the elements of {s} ]J S Sl o pairwise by the colour (s, 1). For 
each s £ Si := So U U s / e 5 S s .o fix a set S Si \. We join the elements of {s} ]J S Si \ 
pairwise by the colour (s, 2). For each s e S 2 ■= SiU Y[ s >es ^ x a se ^ &s,2- We 
join the elements of {s}UjS , s ,2 pairwise by the colour (s,3). And so on. We thus 
get a graph with vertices Y\ = Uj>i &j an d colours of edges Y 2 = {0} U Uj>o 
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2. Consider a map / : X — ► rii = i^j' It induces a homomorphism a = 
(fj*) ■ 1\X\ — ► YijLi ^K] sucn that the diagram 

Q <^ Q[X] Q[X] 
I A I a || 

is commutative. If the induced homomorphism a is injective then / is an inclusion 
and there are maps (fj : Yj — > Q[X] such that J2j' = i<fj(fj(P)) = [P] for any 

Pel 

Let us show that in the situations, we are interested in, one can arrange 
so that there will exist maps tpj : Yj — > Q[X] such that 'Ylj—\ l Pj(fj(Pj)) = 0. 
In other words, we can always assume that the induced homomorphism (fj*) : 
Q[X]° — ► n^Li QK']° is not surjective. Changing slightly notations, let an affine 
variety X C Aj[r be given by some polynomial equations, one of which is P = 0. 
There is an integer N > 2 and linear functions /i, . . . ,/jv on A^f , and coefficients 
a, £ fc and £ N such that P = J2j a if?* ■ Choose a Q-linear embedding A : F 
Q[X(F)}, and set ipj = \(a iX n >) : F — > Q[X(F)]. 

3. The group homomorphisms is a source of non-injectiveness of a, cf. Propo- 
sition [43] below. One could ask, whether in a given situation one can find a group 
structure on X so that the projections to Yi became homomorphisms. This is not 
always possible. Namely, if / = (/i, f%) : X — > Y\ x F 2 is a homomorphism then 
/ x (a) = aker/i, so f%(fx (a)) = /3/2(ker/i). Thus for any a, b £ Y\ one has 
either hUi^a)) = f 2 (K\b)), or hUi\a)) n h(frHb)) = 0. In the following 
example this property does not hold, so / is not a homomorphism. Let Li,I/2 be 

/k /k 

finitely generated extensions of k, X = {L\ ®k L 2 F}, Yj = {Pj <^-> P} and /j : 

_i /k /k 

X — > Yj the restriction maps. Then /2(/i (c)) = {£ : £-2 ^ P | 3£ : Li^^Lz <-^> 

Ik 

F such that = it} = {£ : Li <— > P | £(£2) and o{L\) are in general position}, 
so the intersections of f 2 (fi 1 (<^)) an d f 2 (f\ X ( T )) are non-empty for all <t,t. On 
the other hand, f 2 (fi (&)) 7^ H(fi ( T )) if r are in general position. 

In view of Lemma l4~4l and Proposition I4.5( there are some reasons to expect 
that (— ) is exact. Namely, the second of equivalent conditions of Lemma T4.4I is 
satisfied for a in general position with respect to the compositum of all £j(L), Also, 
this condition is satisfied in the following situation. Let L be the function field of 
an algebraic fc-group A, and B be an algebraic fc-subgroup of A N+1 of dimension 
> dim A, surjective over all multiples A. Suppose that £j and a are induced by a 

generic point £ : k(B) <—* F and the projections B C A N+1 — A. 

(Example. L is purely transcendental of degree one and £j sends a generator 
of L to xq + Aj • £ for some Aj € fe, 1 < j < N, and er sends a generator of L to t, 
where xq £ O v \ (k+m v ) and t € m„\ {0}. Then = G a ,k and P = G a ,k x G 0j fe.) 
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Proof. We need an element a € Q[G] such that pr^a£ = for 1 < j < N and 

Assume A = 1 and A w+1 = and that Xj £ k are pairwise distinct for 
< j < N + 1. Let H S (Z/2Z) N+1 be generated by e ,...,e N and H s = 
H/(eo, . . . ,e s , . . . , cn) for all < s < N. We consider the characters of H s as 
characters of H: C -ff v . Fix a collection of elements y x £ F, parametrized by 
the characters x € H v , linearly independent over Q ab (Ai, . . . ,Xn) and such that 

N 

2/i+E E Vx = x o and (4.1) 

s=0 l# X 6ff s v 

JV 

E J/x-E^ 1 ' E ( 4 - 2 ) 

l^xe(-ff/<ei-eo,...,ejv-eo)) v s=0 Mx6-H, v 



For a character x : # — ► {±1} set f x = J2h&H x{h) ■ h € fc[#], so gf x = x(g) ■ /; 



x 

for any 5 € ff. Let w = J2heH w h' h = E xe (H/< ei -e ,..., eff -eo» v 2/x-/x+Efli(l- 
A^ -1 ) ' Ei^ x effv 2/ x • / x and a; = x h • ft = y 1 ■ h + Eflo Ei^ x6 ,crv J/ x • / x - 

One can rewrite the coordinates of w and of x as follows: 

JV 

Wh= E Vx-xW + Ys^-K 1 )- E fx'XW. 

X e(///( ei - e o,...,ejv-eo)) v *=1 Mx£«" s v 

iV 

^ = 2/1 + E E y x • x(/o- 

s =o i^ x eHy 

As y x are linearly independent over Q ab (Ai, . . . , Xn), the coordinates of w and of 
x are pairwise distinct. In particular, their stabilizers in &h are trivial. 

For some 1 ^ xo € Hq one can choose y x £ F' C O v algebraically indepen- 
dent over k(xo) for x Lxo- Then define y xo by (|4.2[) . and define y\ by (|4.ip . 
Clearly, ?/i is transcendental over fc(j/ x | x 7^ l)i so (i) w h — x h £ O v \ (k + m v ), 
(ii) Xh and tc^ are algebraically independent over k for any h £ H, (hi) and 
Wh-e a are algebraically independent over k for any h £ H . 

/k 

Then we define embeddings ah,Th : k(xo,t) <— > F by o^rco = r/j^o = a^, 
o^i = — Xh and 7>ji = Wh- eo ~ x h-e (and extend them arbitrarily to elements 
of G). Then the element a = J2ii£h( (T >i ~ T h) satisfies the assumptions of Lemma 

cm ' " □ 



Slightly more generally, suppose we are given 

• a finite subset S of the projective line P 1 (fc), 

• a finite subset TcZ \ {±1} containing a non-zero element, and 

• a collection of rational functions {^pj{Y))j £ T- 
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ThenwegetahomomorphismZ[F x xF\fc] — > Z[F] S ®Z[F] T ®Z[F X ], [(X, Y)] ^ 
(([aX - bY]) {a:b)eS , {[X^j{Y)]) jeT , [X/Y]), for the pull-back S of S in the set of 
non-zero pairs in k. 

Let us construct a series of elements in its kernel. Let d be the least common 
multiple of the numbers \j\ for all non-zero j G T, and P be the set of prime 
divisors of d. Replacing S with Ufe^d ^> we ma y assume that S is /id-invariant. 
For each line i € S fix a non-zero vector (en, &,) e F x F on it. Consider the 
elements 

^4 = E 1(°> W S ft ( [(0, 0)] - [([] Cp • h, a t )} | , 

/cp ies \ pe/ / 

where C P is a primitive p-th root of unity and • and n denote the products in the 
group ring Z[F 2 } of the additive group t . 

Set C/ ■— Ilpe/ Cp- Clearly, the element A is equal to 

EE(- 1 ) m+|J| K^.^+^] = E E (-i) m+|J| [(c^ ; a J+ /3)], 

ICPJCS ICP^JCS 

where aj := X)ie j a « an d : ~ Eiej &»> an d there are no canceling summands in 
the latter sum for sufficiently general choice of ((a.j, bi))i e s- Now, for all appropriate 
((a,i,bi))i e s, A, (3, the element 

E E (-l) |/|+|J| ([(C/^,«./ + /3)]-[(AC/&./,A aj + A/3)]) 
/cpb^jcs 

belongs to the kernel. 

Proposition 4.5. Lei i? be an algebraic k-group, N > 1 be an integer, and Hi be 
a k-subgroup for each < i < N. Suppose that Hj normalizes Hi for each pair 
1 < i < j < N and Hi is contained in Ho for neither 1 < i < N. Denote by fi : 
H — > H/Hi the corresponding projections. Then there is a 0-cycle a e Q[H(F)] 
such that (fi)*a = for any 1 < i < N and (/o)*a 7^ 0. More explicitly, almost 
all 0-cycles of type (hi — 1) • • • (hj^ — 1), where hi € Hi for all 1 < i < N, satisfy 
these conditions. 

Proof. The condition (fi)*a = means that a G J2heHi Q[H(F)](h — 1). It is thus 
sufficient to check that (hi - 1) • • • (h N - 1) € Ehe/z, !)• This can be 

shown by descending induction on i: (hi— l)(h i+ i — 1) = (hihi+ih^ 1 — \)(hi — 1) + 
h l +\(h~l 1 h i h i +\h~ l — 1) e J2heH t Q[H(F)](h - 1), the case i = TV being trivial. 
The set 

{(/H, . . . € H x x • • • x H N I (/n - 1) • • • (h N - 1) e E Q[#( F )K fc - !)> 

he//o 

is an algebraic subvariety in Hi x • • • x f/jv- In fact, it is a union of subvarieties 
contained in the subvarieties of type {(hi, . . . , /ijv) € #1 x • • • x I ^ii ' ' ' G 
/ijj • • • hj t H } for all 1 < i\ < ■ ■ ■ < i s < N and some t = s + 1 mod 2 and 
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1 < ji < ■ ■ ■ < jt < N, The latter subvarieties are proper, since Hq contains 
neither of Hi . □ 

/fc 

Lemma 4.6. If n = oo and r = 1 then the projection Q[{k(X) O v }] — > Cfc(x) 
is surjective for any irreducible variety X over k. 

/k 



Proof. Let P : k(X) ^ F be a generic point. Choose a subfiel d k' C O v nP(k(X)) 
over k projecting isomorphically onto (O v n P(k(X)))/(m v fl P(k(X))) C 

Let fe'(C) := k'P(k{X)) a F.\i P does not factor through C„ then fc'(C) is 
the function field of a smooth proper curve over k! . As the class of P in Cyx) be- 
longs to the image of Q[{fc'(C) ^ F}] — ► 2/^Q[{fc'(C) ^ F}] = Pic(C F ) Q — ► 

Ik' 

C k ( X ), it remains only to check the surjectivity of Q[{k'(C) C„}] — ► P1c(Cf)q. 

/fc' 

By [Rl, Corollary 3.5], the generic points k (C) generate Pic(C K („)). 

Let us check the transitivity of the (G\ H G F |fc/)-action on the generic fibres 

of the specialization Pic(CV) — » Pic(C K / v -\) (i.e. over all fc'(Pic J G) ^ «(«)). Let 

/fe 

transcendence base of fc (Pic'G) over k , and £i,£2 : fc'(Pic-'C) c — > 
0„ be a pair of liftings of a. Then there exists an element r € Gj n Gp\y such that 
t^iSj = for all 1 < j < g. The field fc^Pic'G) is generated over k'(x\, . . . , x g ) 
by an algebraic element /. According to Hensel's lemma, t£i/ = £2/- (Note, that 
one can replace PicC by an arbitrary smooth variety over k' .) 

Thus, the kernel of s coincides with {ra — a | r G G' v nGp^i}, and therefore, 
/fe' 

the generic points k (G) (i.e. whose specializations are also generic) generate 

Pic(G F ). ' □ 

Corollary 4.7. T(W) = W v = W for any W G Tq. 



Proof. This follows from Lemma [4.61 in the case of W = Cyx)- As Cyx) f° r an 
irreducible varieties X over k form a system of generators of Xq , and the functor 
W 1 ^ VK„ preserves the surjections, we get that W„ = W for arbitrary W £Xq. □ 

Lemma 4.8. Suppose that n=oo. Then (W\ ® W 2 ) v C (Wi)„ ® (W^c and r(Wi (g) 
W2) C r(Wi) r(T4^ 2 ) /or any Wi, W 2 G Sm G . However, (W <g> VT)„ ^W v <g>W v 
ifW — Q[F \ fe]. 7/ either Wi is a quotient of A(F) for a commutative algebraic 
k-group A, or Wi G X G then (Wi <g> W 2 ) v = (Wi) v ® (H^)^ /or any W 2 G Smc- 

Froo/. The identity (Wi®W2) Gf|f ' = wf FiF ' ^W^"^' ((B21 Lemma 7.5]) implies 
the first inclusion, the second follows from the first. If W = Q[F \ fe], one has 
(W ® ^ [as] ® [a:'] G W„ <g> W v for any pair of distinct x, x' £ O v \ (k + m v ) 
such that x = x' mod m„ . 

G 1 

Let ui G W 2 F|F - Then G F \ F , C G F | L C Stab™, where L C F' is of finite 
type over fc. 
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If F" is an algebraically closed subfield in O v and either F" and L are alge- 
braically independent over k in k(v), or L C F" then £F" c 0„, so F|ir ® 

io C (Wi <g> VF 2 ) Gf|T1?77 C (Wi <g> W 2 )«. If Wi is of type as above then W^^ F " , 
with F" and L algebraically independent over k in n{v), generate (Wi) v , i.e., 
(Wi), <S>wC (Wi ® Wi)*, thus finally, (Wi)„ <g> (Wa), C (Wi ® W 2 )„. □ 

Remarks. 1. If W is endowed with an F- vector space structure F®W — > 
then, by Lemma|4]H W„ carries an 0„-module structure: {F®W) V = O v ®W v — > 
W v . Clearly, F®q v W v — > W is injective, but not surjective, as shows the example 

of W = F[{l£-F}]. 

2. Clearly, r r preserves the injections, but not the surjections. Namely, let 
W := 0^ F — ► ^Fifc 1 ^ e gi yen by ai (g) • • • (g) oat > a\da2 A • • • A da^ ■ Then 

w v = ®f o v if n > 2N, so n^,| ko )„ = <g>£ _1 fio v \ko for an y k ° ^ fe ; and 
r(®f f) = k, but r r (nj. |fc ) = n' F{k rcg for any r > l. 

Proof. Clearly, W Gf i f ' = ®f F', so W„ C (g)f 0„. Let w = x t <g> • • • (g> in 
for some xx,...,xn G F' whose images in «(v) algebraically independent over 
k(yi, . . . , yjsr) for some yi, . . . ,j/jv G O^. Then for each 1 < i < N there exists 
an element a t £ G„fl G ! F|fc(x 1 ,...,£i,...^,i/i,...,vjv) sucn that er^ = + yi. Then 
niliC^i ~ !V = 2/i ® ' ' ' <H> 2/jv- □ 

In the case n = oo one can also apply Lemma l4~8l 

For an integral normal A:-variety X with k(X) C F let QJ(X) be the set of 
all discrete valuations of F of rank one trivial on k such that their restrictions to 
k(X) are either trivial, or correspond to divisors on X . Set W(X) := W Gp l*(x) n 

a e2 , ( x) w v c 

Remark. VK GF i fc < x > n W„ depends only on the restriction of u to k(X), since 
the set of Gjrifcpn -orbits G F\k{x)\G / 'G '„ of the valuations of F coincides, by Propo- 
sition 13.41 with the set of discrete valuations of k(X) of rank < r. E.g., if the 
restriction of v to k(X) is trivial then W Gf ^( x > C W„. 

Examples. 1. If V = Q[{L ^ F}], or V = F[{L ^ F}] then V(U) = for 
any non-trivial field extension L\k of finite type and any smooth U over k. 

2. If V — Q' F i k then V(U) — for any smooth t/ over fc. 

3. If V = Sym^r2^| fc then V(U) C Sym^y-jfiL^n. consists of elements with 
poles (with respect to the lattice Sym^^Q^j^ij.) of order < s for any smooth 
curve U over fc. 

Note, that V is functorial with respect to all morphisms of smooth /c-varieties; 
r(V) is 'homotopy invariant' if and only if s = 1. 
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4. If V = W®F for some W £ X G then V{U) = (W Gf w ® 0(t/)) G Mc/)iMc/) 
for any irreducible smooth affine 17 over fc, where C(?7) is the integral closure of 
0(U) in F. 

Consider the following site Sj. Objects of Sj are the smooth varieties over k. 
Morphisms in Sj are the locally dominant morphisms, transforming non-dominant 
divisors to divisors. Coverings are smooth morphisms surjective over the generic 
point of any divisor on the target. Denote by Shv(,fj) the category of sheaves 
on Sj. Consider the functor $ : Shv(^) — ► Smc, given by T i— » F{F) := 
lim J r (Spec(y4)) S Smc- Here ^4 runs over smooth /c-subalgebras of F. Ex- 

A ► 

ample. If j < 1 then Z J '(A L ) is a sheaf on and F(F) = Z*(L ® k F). 

In particular, $ is not faithful, since F(F) = if j = 1 and L = k. 

Proposition 4.9. ^4 choice of k-embeddings into F of all generic points of all smooth 
k-varieties defines a functor Smc — ► Shv(j5), V i— > V. 

Question. Is it right adjoint to $? 



Proof. Clearly, if a dominant morphism / : U — > X transforms divisors on 17, 
non-dominant over X, to divisors on X then 2J(f7) C Q3(X), so V(X) C V(f7). 

If, moreover, the pull-back of any divisor on X is a divisor on U then STpf) = 
X(U). 

By Lemma 1.1 of [JR], the sequence 

o ► Y[ y GF|fc(x) ► TT y Gp i*(«o > Yl v GFlk{w) 

xeX° xGU° x£(Ux x U)° 

is exact (in fact, X i— > Il^ex V^ GF i fc < 3! ' is a sheaf on a topology Qm^). As QJpf) = 
9J(f7) = 2J(f7 XxU), the sheaf property for the covering / amounts to the exactness 
of the above sequence restricted to Jlxec/ ("Warrx) ^v- □ 



4.2. The 'specialization' functor 

Lemma 4.10. If r = 1 and n = oo i/ien Ho(G\,, — ) = — G t gives functors Smc — ► 
Sma KMik and Xq — > Xq^ {v) ^. There are natural surjections of smooth G K („)|fc- 
modules H°(G FlF ,,W) H {G\,W V ) and X <v){k H {Gt, W v ) — » Hq((4,W) 
/or any S Smc- They are isomorphisms if (— )« is exact. 

Proof. For any smooth representation of G the stabilizer of any vector w S 
Hq(G\ 1 W) contains the stabilizer in G„ of its preimage w S W, which implies the 
smoothness of Hq{G\, W), since the projection G v — » G K r v )\k is open. 

/k 

Choose a presentation of W as cokernel of ip : B — > @j eJ Q[{Lj F}]. 
As the functor Hq(GI,(—) v ) is right exact if (— ) v is exact, and the functor 
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H°(Gf\f',—) is exact, in the following commutative diagram the rows are exact: 

H (Gl,B v ) — ► ® jeJ Q[{L 3 ^ K (v)}} — > fToCGl,^) — > 
ontot T= T (4.3) 

B G *|f — ► je jQ[{ij ^ -?"}] — * W G ^' — ► 

which implies that W Gp \*' Hq(GJ„ W„). 

By |Rlj Lemma 6.7], the functor H°(Gf\f'j~) induces equivalences of cat- 
egories Sm G SmG F , ]k and Z G ^G F , |fc , so H {G\, W v ) S Sm Gre(i))|jt and 
Ho(Gj,XW) S ^G K( „)| fc) since they are quotients of T4 aGf 'I'= € 5mg F , |t and of 
(IM/) G F'| fe e T G , respectively. □ 



Remark. Without assuming exactness of the functor (— ) v , it is clear from 
UP that if is injective then 5 G f|f" H (Gl,B v ). 



Corollary 4.11. For any smooth irreducible divisor D on any smooth proper irre- 
ducible variety X over k there is a natural morphism Cf.m\ — > Cyx), if [~)v is 

Cfe(D) — * CH (Df)q 
exact for r = 1, making commutative the diagram J. J. 

Gk(x) — » CH (Xf)q 

Proof. The second isomorphism from Lemma 14.101 factors through the module 

l K (v)\kH (Gl,W). Let W = ®[{k(X) ^ F}} and O v 0k{X) = O x ,d- By Proposi- 

tionEai H (Gl, W) = Q[{k(X) ^ k(v)}} 0^ Q[{k(w) £ «(«)}], where w runs 
over the set of discrete valuations of k(X) of rank 1. Then, replacing k(v) by F 
and applying the functor I, we get a morphism Ck(x) © ©u, C K (to) — * Cfe(X) ■ O 

Lemma 4.12. Let T be a functor on the category of smooth k-varieties (and all 

their smooth morphisms). For a filtered union O — lim A of finitely generated 

a — ► 

smooth k-subalgebras A let T{0) := lim j r (Spec(v4)) be the limit. Then 

1. J-{0) is independent of presentation of O as a filtered union; 

2. T{F) Gf \'" = F(F') for any F' = F 7 C F with tr.deg(F'|fc) = oo. 

Suppose that T(O v ) = T(F) V for a discrete valuation v : F x /k x — » qH 
Then H (Gi,F(F) v ) = T(k{v)). 



6 The valuation ring O v of v is the filtered union of the valuation rings Ol of the restrictions of v 
to subfields L in F\k of finite type. As the normal varieties are non-singular outside codimension 
2, the ring Ol is a filtered union of coordinate rings of smooth affine models of L\k. 

If v : F x /k x — > Q r is a discrete valuation of rank r > 1 then the valuation ring O v of v 
is not a union of smooth fc-subalgebras. 
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Proof. Fix an isomorphism a : F — > F' over k. Then a* : lim J-(U) — — ► 

u — * 

lim F{V), where 0(U) C F and 0(V) C F' are smooth. For any U there is a E 

v — * 

G such that cr\o(U) = a \o(U), so Urn F(V) = lim cr.F(E7) = F(F) G *-i*" . 

v — ► (V,*) — * 

The composition F(F') = F(F) G ^' — ► T{O v ) -U F(k(v)) is induced by 
the isomorphism F' — ► k(v), so it is itself an isomorphism. As i is Gj-invariant, 
it factors through T(O v ) — » Hq{G\,T{O v )), so F(F') H (Gl, T{O v )) is 
injective. Our assumption and Lemma 14. 101 imply that a is surjective. □ 



Examples. 1. As it shows the example of the birationally invariant presheaf 
U h- > T(U ,Sym.Qfl^ k ) (or any other stably birational presheaf without Galois 

descent property) and of F' C F purely transcendental over k, one cannot omit 
the condition that F' is algebraically closed to ensure J r (F)° F \ F " — F(F'). 

2 . For a smooth proper k- variety X and q > the functor T : Y i— » CH q {Xx k 
Y) satisfies the assumption of Lemma 14.121 and F(F) — CH q (X F ). 

Moreover, let us show that CH q (X x k O v ) = CH q (X F ) by inducton on r. For 
the minimal prime ideal ^ pi C O v , one has a short exact sequence of Gersten 
complexes of flabby sheaves on X x k O v : 

0^ ]J K q -.(K(x)) -> ]l K q -.(K(x)) -> [] K g -.( K (x)) -> 0, 

the end of whose long exact cohomological sequence looks as 

m-^Xp^g) CH q - x {X x k (a/Pi)) -> CH q (X x k O v ) -=-> CH q (X F ) -> 0. 

The composition of the surjections 

CH q -\X F ) ig) F x ^ CH^iXp) CH^^Xl), 

where L is the fraction field of O v /pi, factors through CH q ~ l (Xp) ® F x — > 
Hi-^Xp,^). By induction assumption CH q - x (X x k (O^/pi)) = Gif 9 " 1 ^), 
which implies the surjectivity of 9, and therefore, that 7r is an isomorphism. □ 
The isomorphism Ho(G\ )) CH g (Xp)) — CH g (X K (y\) is nothing but the spe- 
cialization homomorphism CH q {X F ) — » CH q (X K ^) (cf. [$]), which is Gj,- 
invariant, so it factors through H${G\, CH q (X F )). 

2. The functor F : y i— > r(y, fl^ ), where y is a smooth compactification 
of y, also satisfies the condition of Lemma 2321 and F(F) — £l F \ k rog . 

The reduction modulo the maximal ideal induces a surjection fijj i fc — » 
and an isomorphism ff (Gj, ^| fe , reg ) = ^'(^fe.reg- D 

3. f : Y h Q[C(y)] is an example with T(O v ) = Q[O v ] ^ T{F) V = 
Q[O v \ (k + m„)] 8 Q[k]. However, still H (G\,T(F) V ) = T{k{v)) = Q[k{v)]. 
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Remark. The functor Hq(GI,~ ) : Sitiq — ► Smc K(v)]k is neither full, since 

Q[{k(X) £ F}] G = for r > d > 0, but H (Gl,Q[{k(X) ^ F}]) G *(«>i fc = 
Q[Pfe (x) ], nor faithful, since (F X ) G = k x and F G = k, but H {Glr\G FlF , , F x ) = 
Hq(GI n GiriiT', F) = 00 Also one has Hq(G\, V) = for any smooth semilinear 
representation V of G over F, if tr.deg(K(w)|/c) = oo. 

Proof. Let w € V and Gj?|£ C Stabu, for some L of finite type over k. Choose 
(£m„\ {0} and / € F' transcendental over L(t). Then there is er 6 Gp\i,(t) H GJ 
such that erf — f — t, i.e. w = er(t fw) — t~ 1 fw. □ 

Corollary 4.13. Lei AT fee an irreducible variety over k with the function field 
embedded into F and Y C X be an irreducible divisor. The discrete valuations 
v:F x /k x — »T ofF of rank 1 such that k(X)nO v = O x ,y (so n{v\ k{x) ) = k{Y)) 

Ik 

form a single G F \k(X) -orbit. Then any embedding k(Y) <—* F induces a canonical 
isomorphism W Gf W> Hq{G\, W^) Gi? i fc ( x ) nG " , if (-)„ «'s ea;aci. 

Proo/. By Lemma ETTOl VK Gf i f ' H (G|,W^), Then Lemma [431 implies that 

(t^g^-^com^) ^ jffo ( G t )Ww )G F | i nc?„ = jj (Gi ) p^)G.(„) |re( ,! L ). □ 

4.3. Restrictions on objects of Iq and on the quotients of objects of Iq ® F 

Assume that n = oo. Denote by C the category of smooth semilinear representa- 
tions of G. 

rofor 

Lemma 4.14. The composition Tc(k) — ► C — ► Sma(k) is identical. 

Proof. This follows from Corollary 14.71 and Lemma l4~8l □ 



Then one gets the conditions V v ®e>„ F = V and r(V) Cg)fc F — » V for any 
W £ Tq and any semilinear quotient V of W ® F ('the interesting objects of C 
are globally generated'), but one has to check, at least, that they are non-empty 
on the set of irreducible objects. Obviously, if the condition V v ®o v F — V holds 
for some discrete valuation v of rank 1 then it holds for all discrete valuations v 
of rank 1 . 

Corollary 4.15. Let T' G be the full subcategory of Tq, for whose objects W the 
natural map W Gf ^ f ' — ► Hq(GI, W) is an isomorphism, where v € V\ is a discrete 
valuation of rank 1. If n = oo then T' G is an abelian category, closed under taking 
subquotients in Tq . 



7 since for any there are <r, r £ G\ D Gp\pi such that at = tx 1 and rx = 2x, and 

F \ O v generates both F x and F. 
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Proof. For any W € I' G any any short exact sequence — > W\ — ► W — > 
W% — ► the rows of the following commutative diagram are exact 

o — > wf F]F ' — > W G "\*' — » wf"" — 

ffo(G|,Wi) — > ^o(Gj,W) — > H (GlW 2 ) — > 

(the upper one, since H q {Gf\f'i~) : 5tog — > SmG p ,, k is an equivalence of 
categories, cf. [Rl, Lemma 6.7]. As ai and a 2 are surjective by Lemma 14.101 they 
are isomorphisms. □ 



Let Xq (resp., C_) be the full subcategory of Sttlq (resp., of C) with objects 
W such that W — W v (resp., W = F ®o v W v ). Clearly, they are closed under 
taking quotients and contain Iq (resp., Iq ® F). 

Lemma 4.16. Assume that (— ) v is exact. Thenlg (resp., C-) is a Serre subcate- 
gory in Sine (resp., in C). Moreover, Iq ^=Ig- 

The inclusion functors Iq SrriQ and C_ C admit right adjoints W i— > 
r(W) and V i— > HuC^ ®o„ respectively, but do not admit left adjoints. 

Proof. The first assertion is clear, since the functors (— )„ and i* 1 (g)o„ ( — )v are 
exact. 

Let W' € 2q, 99 G Homs mo (W, W) and V € C_, ip € Hom c (V"', V). Then 
ip factors through r(T / F) and ip factors through f] v (F ®o v V v ). As (— )„ is exact, 
T(W) V = T(W) nW v = r(W) and F Oo„ (n„(F <g> „ = fU^ ®o. ^) n 

(F®o u K) = f] v (F ®o„ K). Moreover, r(Sym^ |fc )„ = r(Sym|Q^ |fe ) ^X G . 

To see the absence of left adjoints, let us check that Q[-F s. A;] ^ Iq can 
be embedded into a product of copies of Y\j> 2 FCSynrpfiLj,). For eacn integer 
s > 2 consider Q[F \ ft] — > TT J > 2 Sym^O^, |fc given by [a;] h-> ( :r j- ( i'ff„ 1 ) ) . • 

\ / j>2 

Suppose that an element Ei^M with pairwise distinct x, L e F \ ft is sent to 
zero for any s. Then, by Artin's theorem on linear independence of characters, 
E i: x,/xef = for any x e F x . Fix some i Then Xj =x jXi "-T^T = 

0. As Aj S fc x are pairwise distinct, for s = 1 + Nl and sufficiently big N the left 
hand side has a simple pole at X4 = 1, unless a, = 0. □ 



Remarks. 1. Assuming that Corollary 14. 13l holds. the following construction 
should provide a fully faithful functor from Iq to the category of (birationally 
invariant) functors on smooth varieties over ft with all, not necessarily smooth, 
morphisms, which is right quasi-inverse to the functor $ : T y~ > F(F), cf. pl27l 

As usually, we assume that the function fields of irreducible varieties Y C 
X over k are embedded into F. For any W € Iq the natural homomorphism 
W g "\hx) — > H {G\,W) factors through W Gp ^ x ) — ► H Q {G\ , W v ) Gvf)G "i"^ . 
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By Corollarv l4,13[ the target space is canonically isomorphic to W Gf ^( y > , if k(X)f) 

O v =Ox,Y- ' □ 

/k 

2. Let W £ C be a sub-object of F[{L c — > i* 1 }] for a finitely generated subfield 
L in F|fc. The following conditions are equivalent. 

1. F[{L £ F}}/W £ C_; 

2. W + F[{L IX O v }} = F[{L ^ F}]; 

3. W — » ^ F}]/F[{L ^ a}]; 

/fc /fe 

4. for any a : L c — > F there exists an element a a £ F[{L O v }\ such that 

a + a a £ W. 

/k /k Ik 

Now, given any G„-equivariant map a : {L <-* F} \ {L <—* O v } — > -^[{i ^ 

we define W a £ C as the sub-object generated by a + a a for all a in the domain of 

Ik 

definition of a. The objects F[{L <—> F}]/W a for all a and purely transcendental 
extensions L of k of all (sufficiently big) finite transcendence degrees form a system 
of generators of the category C_ . 
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